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CASE B 
§ 7. One linear relation between the points II 
In § I we supposed the points 
to be linearly independent. As the points II are linearly dependent, it 
follows from the matrix condition of § 1 (identically in A.!): 
X4o + 3Axai + 3A2X22 + A.3x1a and xa1 +3Ax22 + 3A.2XI3 + A.3xo4 
are linearly dependent on 
X, XIO, XOI, X20, Xu, Xo2 
and three of the points xao, X21, X12, xoa. The identicy in A. gives that each 
of the points 
is linearly dependent on those points and by an argument similar to 
that made in § 2, we can prove that the surface is immersed in Ss. A surface 
in Ss is a trivial solution of our problem:, for in Ss two linear spaces of 
dimensionality five intersect in a plane. 
§ 8. Two linear relations between the points II 
If there are two linear (independent) relations between the points II, 
the matrix condition of § I gives: 
[x, X1o, x01, X2o, xn, xo2, p, q, X4o + 3Axai + 3A.2x22 + J.3xia, 
Xa1 + 3A.x22 + 3A.2xia +A.3xo4, X5o+ 5Ax4I.+ 10A.2xa2+ lOA.3x2a + 5A.4x14+A5o5] 
has at most rank nine. By p and q we denote two of the points xao, x21, 
X12, Xoa which do not form a linearly dependent system with the six points 
X, X10, XOI, X20~ Xu, Xo2. 
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Let the point 
be linearly independent of 
X, X10, X01, X20, Xu, X02, p, q 
and let each of the points 
X4-j,j (O<f<i) 
be linearly dependent on these points. Then the condition can be replaced 
by: 
[x, X10, X01, X20, Xu, Xo2, p, q, X4-t,t+A( ... ), 
X4-t-l,Hl +A.( ... ), Xso+5A.x41 + IOA.2xa2+ IOA.3x2a+5A.4x14+A.5xos] 
has at most rank nine. The identicy in A. gives now that the points 
X4-k,k (i<k<4) 
are linearly dependent on 
The depen<iency of the last column of the matrix gives that all partial 
derivatives are linearly dependent on these nine points. An argument, 
similar to that made in § 2, gives that the surface is immersed in Sa. 
Finally, if X4o, xa1, X22 and x1a are linearly dependent on 
X, X10, X01, X20, Xu, X02, p, q, 
then all partial derivatives are linearly dependent on 
x, X1o, Xo1, X2o, xu, xo2, p, q, Xo4 
and the surface is immersed in Ss (or even in 87). 
§ 9. Three or four linear relations between the points II 
A transformation of parameters 
u=u(u, v), 
transforms a linear relation 
v=v(u, v) 
(6) Axao+3Bx21 +30x12+Dxoa=(x, xw, x01, X2o, xu, xo2) 
into a linear relation of the same form, with 
If 
(7) 
A= A uua + 3Buu2ilv + 30uuilv2 + Diiv3, 
15 = Avua + 3Bvu2Vv + 30vuvv2 + Dvv3• 
AO-B2= BD-02=AD- BO= 0 
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does not hold, we can take for u and v two independent solutions of the 
following partial differential equation for (): 
(8) 
and ( 6) can be written as 
3BX21 + 30Xl2 = (x, Xlo, Xo1, X20, Xu, Xo2). 
However, if (7) holds, then (8) can be given by 
(aOu +b0v)3 = 0 
and only one of the forms A and jj can be zero, say A= 0. Now (7) holds 
for the u- and y-p~rameters too, for_ otherwise there were parameters 
u and v with A=D=O. 
From 
AC- ff2 = .BJJ-02 =AD- .Be= o 
and A=O, it follows that A=B=C=O, so (6) can be written as 
xoa = (x, xw, x01, X2o, xu, Xo2). 
1°. If there are three linearly independent relations (6), then we can 
take such a linear combination that (7) holds (AD-BO=O only excludes: 
B=0=0, AD=FO). The corresponding transformation of parameters gives: l A1xao + 3Blx21 + 301x12 = (x, X1o, x01, x2o, xu, xo2) (9) A2xao + 3B2x21 + 3Q2x12 = (x, xw, Xo1, X2o, xu, xo2) 
Xoa = (x, xw, x01, X2o, xu, Xo2). 
l X30 =(X, XIQ, XQI, X20, Xu, Xo2, X12) X21 =(X, XIQ, XO!, X20, Xu, Xo2, X12) 
Xoa = (x, x1o, Xo1, x2o, xu, xo2). 
Differentiation gives that also x22 and x1a are linearly dependent on the 
seven points 
the surface is immersed in s6 (see method of § 2). 
If A1B2-A2B1=0, then we replace (9) by: 
) 
A1xao + 3Blx21 = (x, x10, x01, x2o, xu, xo2) 
X12 = (x, XIQ, XQI, X20, Xn, Xo2) 
Xoa = (x, x10, x01, X2o, xu, xo2). 
If A1=FO, we get: 
35 Series A 
l xao = (x, x1o, x01, x2o, xu, xo2, X21) X12 = (x, X1o, XQI, X20, Xu, Xo2) 
xoa = (x, xw, x01, X2o, xu, Xo2). 
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Differentiation gives that X31 and X13 are linearly dependent on 
the surface is immersed in 86. 
However, if A 1 = 0, then (9) can be given by l X21 =(X, X10, X01, X20, Xu, Xo2) X12 = (x, X10, Xot, X2o, Xu, Xo2) 
Xoa = (x, X1o, x01, X2o, xu, xo2). 
This system will be discussed in the following paragraphs. 
2°. If there are four linearly independent relations (6), then xao, x21, 
X12, Xoa are linearly dependent on 
X, X10, X01, X20, Xu, Xo2 
and the surface is immersed in 85• 
We exclude this case in the following, so m 1°. we have 
Reducing 
(x21)v- (xl2)u = 0, 
the coefficient of x30 must vanish and we obtain: 
(10) X12 = (x, xw, xor, xu, xo2). 
In the same manner we find from 
(x12)v- (xoa)u = 0 
that 
(11) xoa = (x, x1o, Xo1, xu, xo2). 
Putting 
x=.l.(u, v)x, 
we can determine A in such a way that (writing x instead of x): 
(12) 
and X12 and xoa remain in the forms (10) and (11). 
The coefficient of x2o must vanish m 
so 
(13) 
(14) 
(x12)v- (xoa)u = 0, 
X12 = (x, xor, xu, xo2) 
Xoa = (x, x01, xu, xo2). 
Remark: If xu does not appear in (14), then the v-curves are plane 
curves. In the other case the v-curves are not two-dimensional, for 
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x, X10, xm, x2o, xu, Xo2 are linearly independent. They are three-dimensional, 
for from (13) and (14) we derive: 
Xo4 = (x, xm, xo2, Xo3). 
In the following we distinguish between the two cases: 
I 
n not I, but 
l X21 = (x, xm, xu, xo2) X12 = (x, XQl, Xu, Xo2) 
xoa = (x, x01, xu, Xo2) 
~ X21: (x, X10, X01, Xu, Xo2) 
J X12- (x, x01, xu, Xoz) 
,_ xoa = (x, x01, xu, Xoz). 
I will be discussed in § 10 and II will be discussed in §§ 11, 12, 13. 
§ 10. The sdution of I 
The terms with Xto in 
give: 
X12 = (XOI, Xu, Xo2) 
xoa = (x01, xu, Xoz). 
X21 = (x01, xn, xoz), 
the point Xot generates a plane [2, p. 112 or using the method of§ I] 1) and 
x01 =(a, b, c), 
a, b, c being fixed points. 
The surface can be written as: 
(15) x=y(u)+C¥(u, v)a+{J(u, v)b+y(u, v)c. 
Each curve u = u 0 is lying in the space Sa determined by the fixed plane 
of a, b, c and the variable point y(uo). 
This surface is a solution of the local, but also of the global problem, for 
two osculating linear spaces s5 intersect in the fixed plane through a, b 
and c. 
2°. However, if 
then we derive from 
that 
xoa = (xo1, xo2). 
1) See references' at the end of part I of this paper. 
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This gives, together with 
the result: 
The point x01 generates a cone or a tangent surface, both with the 
v-curves as generators: 
x01 =(a, y) or x01 = (y', y), 
a being a fixed point and y=y(u) [2, p. 112]. 
So we have 
x=(a, y)+z(u) or x=(y', y)+z(u). 
Substituted in the first relation of I, this gives: 
(16) x=y" +t¥(u)y' +fJ(u, v)y+y(u, v) a 
or 
(17) x=y"' +t¥(u)y" +{J(u, v)y' +y(u, v) y. 
Both are solutions of the local problem. A curve u = Uo is a plane curve, 
lying in a plane V. In (16) Vis determined by a, y(uo) and a point of the 
plane osculating to y=y(u) at U=Uo; in (17) V is determined by the 
tangent to y=y(u) at u=Uo and a point of the space Sa osculating to 
y=y(u) at u=uo. 
§ 11. Another form of II 
If 
we can change the v-parameter: 
ii=u, 
in such a way that 
In the reduction of 
the coefficients of Xto must vanish, so 
X12 = {h(x- xu)+ {J3Xo1 + {J6xo2, 
Xoa = Yt(x- xu)+ ysxo1 + /'6X02· 
Furthermore we derive from the vanishing of the coefficients of x and 
xu in 
(x12)v- (xos)u = 0, 
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that 
{h.- {h 2 + fJ6Y1 = Y1u- y1cx1 + Y6fJI. 
- fJ1v + fJ12 - fJ6Y1 = Y3-Y1u- Y1CX5- Y6fJ1, 
so 
respectively 
0.:1v + 0.:5{31 + CX6Y1 = fJ1u- {310.:1 + {J6{JI, 
1 + 0.:5v- 0<:5{31- CX6Y1 = {Js- fJ1u- {310.:5- {J6{J1, 
so 
Putting 
we can write II in the form: 
(18) 
(19) 
(20) 
X:n = 0.:1X + X10 + CX3X01 + CX5X11 + CX6X02 ~ 
X12 = {JI(X + CXX01- Xn) + (1 + <Xv)XOI + {J6X02 
Xos=y1(x+cxx01-xu) +y6X02 
II a 
Remark: It follows from (20) that a necessary and sufficient con-
dition that the v-curves be plane curves, is: y1 = 0. 
Putting 
the points t, y and x01 are linearly independent and we derive from Ila: 
(21) t10 = - 0.:1t + &Xo1- <X6Y 
(22) t01 = -{J1t+(cx-{J6)y 
(23) YIO = fJ1t + (I + CXv )XOI + fJ6Y 
(24) YOI =y1t+Y6Y· 
We distinguish between the two cases: 
cx-(36 =I= 0, cx-y6=0. 
§ 12. The case ex- (36 =1= 0 
Differentiation of (21) and (22) gives: 
tn = (t, t10, t01), 
toz = (t, t01). 
lib 
The point t generates either a developable surface with the v-curves as 
generators or t generates a curve [2, p. 112]. The last case can only occur 
if a=O. For from 
& =1= o, 
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so 
( ...... )t+A.2x01+( ...... ) y=O, 
it follows that A2 = 0, so t and t01 were linearly dependent, a contradiction 
with (22). However, if ii=O, then (21) and (22) give: 
t generates a curve. 
1°. Suppose ii ¥= 0. 
t1o=(t, to1), 
The point t generates a developable surface, so we can write: 
t=(a,z) or t= (z, z'), 
a being a fixed point and z=z(u). From (22) we deduce: 
y=(a, z) 
In consequence of (21): 
or y=(z, z'). 
x01 =(a, z, z') or xo1=(z, z', z"), 
so 
xn =(a, z, z', z") or xu= (z, z', z", z'"). 
From 
X=t-IXXO! +xu 
we obtain: 
(25) x = (a z .z' z") 
' ' ' 
or 
(26) x=(z, z', z", z111 ). 
Both are solutions of the local problem. The curve u = uo is lying in the 
space Sa determined by the point a and the plane osculating to the curve 
z=z(u) at u=uo, respectively in the space Sa osculating to this curve 
at u=uo. 
2°. Suppose ii = 0. 
Here we can write: 
t=.A.z(q;), 
A. and q; being functions of u and v. Now (22) gives: 
y=(z, z'). 
If 1 + IXv ¥= 0, we obtain from: (23): 
and 
Xo1 = (z, z', z"), 
xu= (z, z', z", z'") 
x = (t, xo1, xu)= (z, z', z", z'"), 
a solution of type (26), choosing q; as new u-parameter. 
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However, if l+£Xv=0, then (22) gives: 
In (24) we see that 
so 
y= ( ...... ) z+ ~{J cpvz', IX- 6 
( ') A II YOl = z, Z + --{J- (/JvZ • IX- 6 
y01 = (z, z'), 
q;=q;(u) or z" = (z, z'). 
Formula (22) gives that q;=q;(u) is impossible, for y and t would be linearly 
dependent. From 
z" = (z, z') 
we obtain that the point z generates a straight line: 
z= (a, b), 
a and b being fixed points. 
Thus we have from (22): 
y=xo2=(a, b), 
(27) 
xo1 =(a, b)+ k(u), 
xu=(a, b)+k', 
x =(a, b, k, k'), 
a solution of the local problem. The curve u=uo is lying in the space Sa 
determined by the straight line passing through a and b and the tangent 
to k=k(u) at U=UQ. 
§ 13. The case IX-{Js=O 
Here we derive from (22): 
t=A.z(u) 
and integrating (24) with respect to v: 
(28) 
I 0 • Suppose & =F 0. 
From (21) we obtain: 
and from (23): 
(29) 
y=(z,l), l=l(u). 
xo1 = (z, z', l) 
(z, z', l, l') = O; 
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The points xo1, y and t = l.z being linearly independent, the term with l 
does not vanish in (28) and there is a term with l' in (29); l, z and z' are 
linearly independent. But then y generates a developable surface and the 
corresponding point t is a point of this surface [2, p. 101]. 
By an argument similar to that made in § 12, 1°, we obtain that the 
locus of x is a surface of type (25) or (26), so it is a $olution of the local 
problem. 
2°. Suppose <i = 0. 
There are two subcases to be considered: 
1. lX6 = 0 and 2. £X6 =1= 0. 
Subcase 1. If lX6=0, formula (21) gives that IS a fixed point: 
t=l.a and y=(a,l). 
If 1 + lXv =1= 0, we obtain from (23): 
X01 =(a, l, l') 
xn=(a, l, l', l") 
x =(a, l, l', l") 
and this is a solution of the local problem of type (25). 
If 1+£X11 =0, then (23) gives: 
(30) l' =(a, l), so l" = (l, l'), 
l generates a straight line. The points a and y are points of that line 
(If a does not appear in the right member of (30), l is a fixed point and 
y is a point of the line joining fk and l). So we can write: 
y= (a, b), 
a and b being fixed points. By an argument similar to that made in 
§ 12, 2°. we obtain a solution of the local problem of type (27). 
Subcase 2. If £X6 =1= 0, formula (21) gives, together with t=l.z(u) that 
y= (z, z'). 
From (23) we derive: 
(1+£Xv) xo1=(z, z', z"). 
If 1 + lXv = 0, then the point y generates a straight line and we obtain a 
solution of the local problem of type (27). 
If 1 + lXv =I= 0, then 
xo1 = (z, z', z") 
and we obtain a solution of the local problem of type (26). 
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§ 14. Solution of the local and of the global problem 
As solutions of the local problem we obtained: 
1 o. a surface immersed in Ss; 
2°. a surface with parametric equations: 
xl= 1, x2=u, xs=v, x4=u2, x5=uv, 
x6=v2, x7=us, xs=u2v, x9=uv2, xlO=v3; 
3°. a surface whose parametric vector equation can be written 
in one of the forms: 
a. x=(a, b, c, y) 
b. x= (a, b, y, y') 
c. x=(a, y, y', y") 
d. X= (y, y', y", y"'), 
a, b, c being fixed points and y=y(u); the coefficients in the 
right members are functions of u and v. 
It is already known that the solutions given in 1°, 2°. and 3°. a are 
solutions of the global problem. So we have to examine the solutions 3°. b, c, d. 
The matrix (1) is at most of rank nine. Using y(u) and Y(U) in the 
right members of 3°. b, c, d to denote the points P and Q respectively, 
we obtain in 3°. b the condition: 
[a, b, y, y', y", y'", a, b, Y, Y', Y", Y'"] 
has at most rank nine. Fixing point P and taking the points in the first 
six columns of this matrix as vertices 0 1, 0 2, Oa, 0 4 , 05, 06 of the simplex 
of reference, we obtain the condition: 
has at most rank three. But then Y ( U) is linearly dependent of 01, 02, Oa, 
04, Os, Os and three fixed points. The surface is immersed in S8• 
By a similar argument we can prove that the surface 3°. c and 3°. d 
are immersed in Ss. 
Thus we find as solutions of the global problem: the surfaces 1 o ., 2°. 
and 3°. a, given above. 
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